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Abstract
The number of real-time applications, such as video-on-demand and video conferencing, is rapidly increasing. Realtime data now occupies a signiﬁcant portion of network traﬃc. These applications require real-time service; as such,
they need to bound end-to-end delays. Generally, real-time service is provided by reserving bandwidth in advance.
Thus, to admit a large number of real-time applications, bandwidth needs to be reserved eﬃciently. In addition, to share
limited bandwidth eﬀectively among multiple agencies, a link-sharing service is required. A link-sharing service provides
a guaranteed share of link bandwidth to each agency. To provide both real-time and link-sharing services simultaneously, several hierarchical link-sharing schemes have been proposed. However, existing hierarchical schemes still have
problems in achieving a high level of network utilization, especially when variable-bit-rate (VBR) video sessions participate in a hierarchy. The problem is serious since a large portion of real-time applications transmit MPEG-coded
VBR data. We propose a new scheduling algorithm that can achieve a high level of network utilization even with VBR
video sessions. The proposed scheduling algorithm is a hierarchical link-sharing scheme; it is an extension of the H-FSC
generalized with a new bandwidth reservation scheme. The new scheme provides tight bandwidth reservations for VBR
video sessions. Even with the advantage in network utilization, the generalized H-FSC does not require high overhead
for scheduling; the scheduling complexity remains the same as that of the H-FSC.
 2003 Elsevier B.V. All rights reserved.
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1. Introduction
The number of real-time applications, such as
video-on-demand and video conferencing, is rap-
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idly increasing. Real-time data now occupies a
signiﬁcant portion of network traﬃc. These applications require real-time service; as such, they
need to bound end-to-end delays. Generally, realtime service is provided by reserving bandwidth in
advance [19]. Thus, to admit a large number of
real-time applications, bandwidth needs to be reserved eﬃciently. In addition, to share limited
bandwidth eﬀectively among multiple agencies, a
link-sharing service is required [6]. A link-sharing
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service provides a guaranteed share of link bandwidth to each agency. An agency can represent
data traﬃc from an organization, those using a
protocol such as IP or SNA, or a speciﬁc traﬃc
type such as FTP traﬃc or telnet traﬃc.
To provide both real-time and link-sharing
services simultaneously, several hierarchical linksharing schemes have been proposed, including
class-based queueing (CBQ) [6], hierarchical
packet fair queueing (H-PFQ) [1] and hierarchical fair service curve (H-FSC) [22]. In hierarchical
schemes, bandwidth sharing among diﬀerent
agencies is represented via a hierarchy. Fig. 1
provides an example of this. In the hierarchy, each
node represents an agency. A hierarchy speciﬁes
the bandwidth share for each node, which should
be guaranteed for each agency, and further represents how remaining bandwidth, if any, is shared
among diﬀerent agencies. If a share of bandwidth
is speciﬁed for each node, hierarchical schemes
guarantee the speciﬁed bandwidths if there is sufﬁcient demand. In addition, if nodes do not fully

use their share of bandwidth, the excess bandwidth
is distributed to other nodes by the speciﬁed
bandwidth ratios in the hierarchy.
Although existing hierarchical schemes satisfy
both requirements of real-time and link-sharing
services, they still have problems in achieving a
high level of network utilization. (Here, network
utilization indicates how many real-time sessions
can be admitted.) This is particularly true when
variable-bit-rate (VBR) video sessions participate
in a hierarchy. This problem is serious since a large
portion of real-time applications transmit MPEGcoded VBR data. In this paper, we propose a new
scheduling algorithm that can achieve a high level
of network utilization even with VBR video sessions. The proposed scheduling algorithm is a hierarchical link-sharing scheme; it is an extension of
the H-FSC generalized with a new bandwidth
reservation scheme. The new scheme provides tight
bandwidth reservations for VBR video sessions.
Even with this advantage in network utilization,
the generalized H-FSC does not require high

Fig. 1. An example of a link-sharing hierarchy: In the ﬁgure, two organizations, KAIST and ETRI, share a 155 Mbps link. All data
traﬃc from applications in KAIST are guaranteed to receive 100 Mbps if there is suﬃcient demand. Real-time traﬃc from KAIST is
guaranteed to consume bandwidth up to 30 Mbps. Non-real-time traﬃc from KAIST, FTP, WWW, and other traﬃc types are
guaranteed to receive 30, 30, and 10 Mbps, respectively. If applications from ETRI do not fully use the speciﬁed bandwidth, the
remaining bandwidth is distributed to real-time and non-real-time traﬃc from KAIST in a ratio of 3–7. Similarly, if there is no FTP
traﬃc from KAIST, the remaining bandwidth is distributed to WWW and other traﬃc from KAIST in a ratio of 3–1.
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overhead for scheduling; the scheduling complexity remains the same as that of the H-FSC.
Among the various hierarchical link-sharing
schemes, H-FSC can achieve higher network utilization than other schemes such as H-PFQ and
CBQ. Two reasons account for the higher network
utilization. First, H-FSC can reserve bandwidth
for each session independently of the delay bound
for the session. Second, H-FSC gives preference to
real-time applications. That is, whenever there is a
potential danger to violate the delay bounds of
some real-time packets, the real-time packets are
transmitted with higher priority. Within a short
interval, this may result in a violation of guaranteeing a speciﬁed bandwidth. However, for long
intervals, the violation disappears. On the contrary, H-PFQ gives priority to guaranteeing
the speciﬁed bandwidth. In this case, however,
delay bounds for real-time applications are increased according to the depth of the link-sharing
hierarchy [1,22]. This problem does not occur in
H-FSC.
Unfortunately, H-FSC cannot provide tight
reservations for VBR video sessions mainly due to
inaccurate traﬃc characterization. H-FSC assumes
that each session characterizes its traﬃc only with
a burstiness and an average rate, and reserves
bandwidth for each session with those two diﬀerent rates, i.e., the service rate clearing the burstiness within the delay bound and the average rate.
However, this characterization is not eﬀective
for VBR videos due to a high variability of frame
sizes. If this scheme is applied for VBR video
sessions, an excessive amount of bandwidth is
unnecessarily reserved. This over-reservation results in a low level of network utilization for VBR
video sessions.
Our scheme provides tight bandwidth reservation even for VBR video sessions. This is made
possible by using accurate traﬃc characterization
for VBR sessions. For this, a VBR video session is
characterized by multiple traﬃc rates [16,23]. Each
session is characterized by diﬀerent rates on different time intervals. Then, our scheme reserves
those multiple rates for each session considering a
delay bound for the respective sessions. Note that
by considering delay bounds in reservations, the
service for each session can be maximally deferred
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in favor of other sessions. This scheme can reserve
bandwidth tightly for VBR sessions, thus achieving a high level of network utilization.
Although the generalized H-FSC provides tight
bandwidth reservation, it does not introduce any
additional complexity in computation. That is,
compared to H-FSC, the generalized H-FSC has
the same scheduling complexity. The total complexity is Oðlog N Þ for transmitting a packet with
the smallest priority where N is the number of
sessions. We note that this complexity can be reduced to Oð1Þ with special hardware such as a
sequencer [10] or a systolic array [11].
The generalized H-FSC has advantages over
other algorithms that can utilize multiple traﬃc
rates, e.g., the rate-controlled (RC) algorithm
adopting the earliest deadline ﬁrst (EDF) scheduler [8] and the multirate algorithm [16]. First, they
are not hierarchical link-sharing schemes. Thus,
they cannot guarantee a share of bandwidth according to organizations, protocols, and application types. In addition, the generalized H-FSC has
advantages in implementation cost and network
utilization. Compared to the RC algorithm, the
generalized H-FSC does not need any regulators.
A regulator in an EDF algorithm regulates session
traﬃc entering a queue. Note that each session
requires multiple regulators for multiple traﬃc
rates to achieve a high level of network utilization
[8]. Compared to the multirate algorithm, the
generalized H-FSC is superior in network utilization. The multirate algorithm reserves bandwidth
with multiple traﬃc rates. However, it does not
consider delay bound for each session in reservations. Thus, the multirate algorithm results in a
lower level of network utilization.
In Section 2, we present some background
helpful to understand H-FSC. In Section 3, we
review H-FSC scheme. In Section 4, we propose
our new bandwidth reservation scheme and discuss the network utilization achievable by the
scheme. In Section 5, we discuss the scheduling
complexity of the new scheme. In Section 6, we
present simulation experiments and show that our
scheme can achieve a high level of network utilization compared with other algorithms. In Section
7, we describe related works. Lastly, the paper is
concluded in Section 8.
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2. Background
This section provides some background useful
to understand how the proposed algorithm can
guarantee delay bounds for real-time sessions. In
Section 2.1, we present the network modeling and
traﬃc characterizations used in this paper. In
Section 2.2, we introduce the deﬁnition of a
guaranteed service curve, which represents bandwidth reservation in H-FSC. We present three
theorems, which are the basis of service curve allocation. Our proposing allocation scheme is described in Section 4.1.
2.1. Network modeling and traﬃc characterizations
We model a network by a series of routers.
Transmission links are ignored for the convenience
of discussion. We denote the amount of data received from session i to a router during a time
interval ðs; t by Ai ðs; tÞ and the transmitted
amount by Wi ðs; tÞ. We deﬁne Ai ðs; tÞ ¼ Wi ðs; tÞ ¼ 0
if s P t. For notational convenience, we denote
Ai ð0; tÞ and Wi ð0; tÞ by Ai ðtÞ and Wi ðtÞ, respectively.
We divide Wi ðtÞ into two parts, Wi RT ðtÞ and Wi ES ðtÞ.
Wi RT ðÞ denotes the amount of data transmitted to
meet the delay bound for session i. Similarly,
Wi ES ðÞ denotes the amount transmitted using extra
capacity which remains after meeting all the delay
bounds. When we consider multiple routers, we
appropriately superscribe each notation to distinguish diﬀerent routers. For example, Wi m;RT ðtÞ denotes Wi RT ðtÞ at the mth router that a session i
passes through. It is said that session i is in a
backlogged period in a router if there exists a
packet to serve from session i.
Each real-time session characterizes its traﬃc by
a rate function bi ðÞ. Intuitively, bi ðtÞ indicates the
maximum amount of traﬃc that is allowed to be
transmitted from session i during a time interval of
length t. Thus, bi ðÞ must be a non-decreasing
function and we deﬁne that bi ðuÞ ¼ 0 for all u 6 0.
We say that session i is bi -smooth or session iÕs
traﬃc envelope function is bi ðÞ if the amount of
data traﬃc incoming from session i to the network
during the interval ðs; t is not greater than
bi ðt  sÞ. Also, session i is expected to be bi -smooth
if bi ðÞ is speciﬁed in the traﬃc speciﬁcation given

to the network. As a special case of bi , we say that
session i is ðr; qÞ-smooth if bi ðtÞ ¼ r þ qt. r represents the burstiness allowed to session i. q is the
average traﬃc rate.
We also say that session i is Kðr; qÞ-smooth or
session iÕs traﬃc envelope function is Kðr; qÞ if
bi ðtÞ ¼ mink¼1K frki þ qki tg. Without loss of generality, we assume that r1i 6    6 rKi and q1i P   
P qKi . By using a Kðr; qÞ as the traﬃc envelope
function, we can accurately characterize the traﬃc
and its variability of a VBR video [16,23]. Fig. 2
illustrates how the traﬃc is characterized when a
session transmits an MPEG-coded video. An
MPEG encoder produces three types of encoded
frames: I (intra-coded), P (predicted), and B (bidirectional). We can use the knowledge of the encoding pattern of frames, say IBBPBB, and the
size of the largest frames of each type, i.e., I, B,
and P to characterize the video traﬃc. In the ﬁgure, the traﬃc is characterized by either a ðr; qÞ
function or a 3ðr; qÞ function. Using a 3ðr; qÞ
function, the traﬃc can be characterized more
accurately than using a ðr; qÞ function.
2.2. Service curves, delay bound, and backlog bound
Let Si ðÞ be a non-decreasing function with
Si ðuÞ ¼ 0 for all u 6 0. We say that a service curve
Si ðÞ is guaranteed 1 for session i by a router if, for

1

Our deﬁnition is the same as in [22]. However, our
deﬁnition is diﬀerent from that in [18], which is applicable only
to a ﬁxed-sized packet environment. In [18], it is said that a
service curve Si ðÞ is guaranteed for session i by a router if, for
any time t, there exists a time s, s 6 t, that satisﬁes Eq. (1).
Although both deﬁnitions use the same equation, the respective
scheduling algorithms have diﬀerent implementation implications due to diﬀerent conditions for the variables s and t. The
scheduling algorithm which guarantees service curves using the
deﬁnition in [18] should check Eq. (1) whenever a packet
arrives. In a variable-sized packet environment such as the
Internet, the number of packet arrival times can be extraordinarily large even within a short interval. (A packet may arrive at
any time since we cannot put any restriction on packet arrival
times.) On the contrary, the scheduling algorithm using our
deﬁnition has only to check the equation whenever each session
becomes newly backlogged, not every packet arrival time. Note
that the number of backlogged times is signiﬁcantly smaller
than that of packet arrival times.
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Fig. 2. Two ways to characterize the traﬃc of an MPEG-coded
video. Using a 3ðr; qÞ function, the traﬃc can be characterized
more accurately than using a ðr; qÞ function.

a packet departure time t of session i, there exists a
time s, s < t, such that s is the beginning of one of
the sessionÕs backlogged periods and
Wi ðtÞ P Ai ðsÞ þ Si ðt  sÞ:

ð1Þ

Intuitively, Si ðtÞ indicates the minimum amount of
service, i.e., minimum amount of data transmitted,
by the router for session i during an interval t
starting from the beginning of a session iÕs backlogged period.
We further say that a service curve Si ðÞ is
strictly guaranteed for session i if session i is
guaranteed Si ðÞ without relying on extra capacity
for its service. More formally, Si ðÞ is strictly
guaranteed for session i by a router if, for any
packet departure time t, there exists a time s, s < t,
such that s is the beginning of one of the sessionÕs
backlogged periods and
Wi RT ðtÞ P Wi RT ðsÞ þ Si ðt  sÞ:

ð2Þ

Eq. (2) can be equivalently expressed as follows:
Wi RT ðtÞ P min fWi RT ðsÞ þ Si ðt  sÞg;
s2Bi ðtÞ

ð3Þ

where Bi ðtÞ is the set of the start time points of the
session iÕs backlogged periods that is not greater
than the packet departure time t.
We can see that a service curve Si ðÞ is always
guaranteed for a session if it is strictly guaranteed.
This is so since, from Eq. (2), Wi RT ðtÞ is equal to
Wi ðtÞ  Wi ES ðtÞ. However, in general, the reverse is
not true.
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Now, consider multiple routers which a session
i passes through. Given service curves which are
strictly guaranteed in each of those routers, we can
derive a single service curve which is guaranteed by
those multiple routers as a whole. In other words,
the multiple routers can be reduced to a single
composite router (or a network) which guarantees
the derived service curve. The derivation is presented in Theorem 1. Intuitively, the theorem tells
that network service curve Sinet ðÞ is constructed by
concatenating, in an increasing order of slopes, the
line segments of the strictly guaranteed service
curves. Note, however, that the network service
curve Sinet ðÞ constructed as such is not strictly
guaranteed by the network. (Theorems similar to
the following three can be found in [18], however,
they are applicable only to a ﬁxed-sized packet
environment.)
Theorem 1 (Network service curve theorem).
Suppose that session i passes through M routers in
tandem and the mth router, 1 6 m 6 M, strictly
guarantees Sim ðÞ to session i. Then, the M routers
guarantee Sinet ðÞ to session i where
(
M
X
net
Si ðtÞ, min
Sim ðDm Þ : Dm > 0
m¼1

and

M
X

)
Dm ¼ t :

ð4Þ

m¼1

Proof. See Appendix A.



Fig. 3 illustrates the derivation when two routers are given. In the ﬁgure, Si1 ðÞ and Si2 ðÞ are
the strictly guaranteed service curves at the ﬁrst
and second routers, respectively. Si1 ðÞ has slope s1 ,
that is less than s2 , during the interval ð0; t1 . Si2 ðÞ
has slope zero until time t2 . The two curves have
the same slope s2 from the times t1 and t2 , respectively. By Theorem 1, the network service
curve Sinet ðÞ has slope zero until the time t2 ,
slope s1 until the time ðt1 þ t2 Þ, and slope s2
afterwards.
When a router guarantees a service curve for
session i, the delay and backlog bound for session i
can be derived.
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Fig. 4. The graphical interpretation of the delay and backlog
bounds. The maximal horizontal distance denoted by Dðbi kSi Þ
becomes the delay bound. The vertical distance between bi ðÞ
and Si ðÞ becomes the maximum at time t0 . The backlog bound
is the maximal vertical distance plus the maximum packet size.

Fig. 3. Example––derivation of a network service curve given
two routers: (a) service curves strictly guaranteed by each router
and (b) derived network service curve.

Theorem 2 (Delay bound theorem). Let bi ðÞ be
the traffic envelope function of session i. When a
router guarantees Si ðÞ to session i, the delay at the
router is not greater than
max minfD: D > 0 and bi ðkÞ 6 Si ðk þ DÞg:
k:k>0

Proof. See Appendix A.

ð5Þ



Theorem 3 (Backlog bound theorem). Let bi ðÞ the
traffic envelope function of session i. If a router
guarantees Si ðÞ to session i, at any moment, the
backlog is not greater than
max fbi ðkÞ  Si ðkÞg þ lmax ;

ð6Þ

k:k>0

where lmax is the maximum packet size.
Proof. See Appendix A.



Fig. 4 graphically illustrates the delay and
backlog bound. In the ﬁgure, bi ðtÞ is the maximum
amount of traﬃc from session i for interval ð0; t
and Si ðtÞ, the minimum service amount. It can be
easily understood that the maximum horizontal
distance from bi ðÞ to Si ðÞ, denoted by Dðbi kSi Þ,
becomes the delay bound as described in Theorem
2. Similarly, the backlog bound described in Theorem 3 comes from the maximum vertical distance

between bi ðÞ and Si ðÞ. In the ﬁgure, the vertical
distance becomes the maximum at time t0 . In the
theorem, the backlog bound includes the term lmax
since each packet is cleared in the backlog after the
last bit of the packet is served.

3. Review of H-FSC
In this section, we review H-FSC proposed in
[22]. H-FSC provides both real-time and hierarchical link-sharing services simultaneously. A realtime service is provided based on service curves
described in the previous section. We ﬁrst overview
how H-FSC provides both services. Then, we
present how each service is provided.
3.1. Overview of H-FSC
To provide real-time and hierarchical linksharing services simultaneously, H-FSC maintains
a single hierarchy in which each node represents a
diﬀerent entity such as a speciﬁc traﬃc type or data
traﬃc from an organization. Nodes are constructed in advance to provide the hierarchical
link-sharing service except those for real-time applications. In the case of real-time applications,
one leaf node is constructed for each application
when the application is admitted to provide the
real-time service. Since one node is constructed for
each real-time application, the service for the node
is solely given to the application. The service for a
node constructed in advance is shared by multiple
non-real-time applications. The service amount for
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each node is determined by a service curve allocated to achieve either real-time or link-sharing
service.
Fig. 5 illustrates an example hierarhcy. The hierarchy is constructed in advance except for the
area within the box. The root node represents the
link. In the example, the link capacity is 100 Mbps.
Thus, the service curve for the root node, SRoot ðÞ,
becomes a straight line with a slope of 100 Mbps.
In the next level, H-FSC allocates the service
curves SRT ðÞ and SnonRT ðÞ with slopes of 30 and 70
Mbps to guarantee those bandwidths, respectively.
For FTP, WWW, and other non-real-time applications, H-FSC guarantees 30, 30, and 10 Mbps,
respectively, out of the 70 Mbps assigned for the
non-real-time node. It allocates SFTP ðÞ, SWWW ðÞ,
and Sother ðÞ as their service curves. The leaf nodes,
video1 and video2, are constructed when each
video application is admitted. The service curves,
Svideo1 ðÞ and Svideo2 ðÞ, are allocated to guarantee
delay bounds of video1 and video2 real-time applications. (In Section 4.1, we describe how the
service curves for such real-time applications are
allocated.)
H-FSC provides real-time and hierarchical linksharing services by integrating two separate algorithms sharing a single hierarchy. In the hierarchy,
only leaf nodes can be used for real-time applica-

675

tions, whereas, for link-sharing services, both internal and leaf nodes are used. Since the real-time
service and the link-sharing service have diﬀerent
goals, H-FSC maintains diﬀerent data structures
for leaf nodes and internal nodes. For a leaf node,
H-FSC maintains three variables for each head
packet: a deadline, an eligible time, and a virtual
time. Deadlines are used to satisfy the real-time
goal. A deadline is assigned in such a way that if
the deadlines of all packets are met, delay bounds
for all sessions are guaranteed. Virtual times are
used to meet the hierarchical link-sharing goal. A
virtual time indicates a normalized amount of
service to the allocated service curve for the node.
Eligible times are used to mediate both goals giving preference to the real-time goal. An eligible
time is assigned in such a way that even though no
service is provided to this node until the eligible
time, there is no danger to violate a deadline.
Thus, if all the eligible times are greater than the
current time, there is no danger to violate any
deadlines at all. For an internal node, H-FSC
maintains only the virtual time since the node is
not used for a real-time service. H-FSC transmits a
packet with the earliest deadline if the smallest
eligible time is not greater than the current time.
Otherwise, a packet with the smallest virtual time
is transmitted.

Fig. 5. An example hierarchy.
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In the following subsections, we review the individual algorithms of H-FSC. We focus on explaining how to compute variables, namely,
deadlines, eligible times, and virtual times.
Throughout those subsections, we consider a leaf
node i for a real-time session since the leaf node
involves above mentioned three types of variables.
We focus on the head packet of the node, denoted
by pi , which arrives during the mth backlogged
period of the session, denoted by bmi .
3.2. Service curve algorithm for the real-time service
To satisfy the real-time service, H-FSC uses a
service curve algorithm. The service curve algorithm transmits a packet with the earliest deadline
non-pre-emptively. Ties are broken arbitrarily.
Let us see how the deadline of each packet is
computed. For this, given a leaf node i, the algorithm keeps a deadline curve Di ðÞ, which is deﬁned
as
Di ðtÞ ¼ min fWi RT ðsÞ þ Si ðt  sÞg:
s2Bi ðtÞ

ð7Þ

This Di ðtÞ is derived from Eq. (3) and indicates the
minimum amount of service to receive for the
service curve Si ðÞ to be strictly guaranteed. Then,
given a head packet pi and the accumulated
amount of data including the packet pi , denoted by
wi , the deadline of the packet pi becomes the
smallest t such that Di ðtÞ ¼ wi .
Di ðÞ is initialized to Si ðÞ when the session becomes backlogged for the ﬁrst time. Subsequently,
it is suﬃcient to update Di ðÞ only when the session
becomes newly backlogged. We denote the updated deadline curve at each backlogged point bmi
by Di ðbmi ; Þ. Then, Di ðbmi ; tÞ can be recursively
computed as follows:
Di ðbmi ; tÞ
8
m1
RT m
m
>
< minfDi ðbi ; tÞ; Wi ðbi Þ þ Si ðt  bi Þg
m
¼
ð8Þ
for t P bi ;
>
:
m1
Di ðbi ; tÞ; otherwise:
Note that Di ðbmi ; tÞ ¼ Di ðtÞ if bmi is the last backlogged time point.
Through an admission test, the service curve
algorithm accepts real-time applications. All the
packets are transmitted until their deadlines plus

lmax =C where lmax is the maximum packet size and
C is the link capacity if the following equation is
satisﬁed [22]:
L
X

Si ðtÞ 6 Ct;

ð9Þ

i¼1

where Si ðtÞ is the allocated service curve for a leaf
node i and L is the number of leaf nodes. A
complete and lengthy proof for this result can be
found in [21]. In addition, to satisfy the hierarchical link-sharing, we allocate service curves in
such a way that the following equation is satisﬁed:
X
Sj ðtÞ 6 Sp ðtÞ;
ð10Þ
j

where Sp ðÞ and Sj ðÞ are the service curves for the
node p and j, respectively, and the node j is a child
of the node p. That is, the sum of the service curves
of children does not exceed the parentÕs service
curve. The service curve for the root Sroot ðtÞ is Ct.
From Eqs. (9) and (10), we can derive a suﬃcient
admission condition for real-time applications.
Suppose that H-FSC uses an internal node k with
a service curve Sk ðÞ for real-time applications. (A
node for each real-time application is constructed
as a child node of the node k if the application is
admitted.) Consider each leaf node i for i ¼ 1; . . . ;
N to be constructed for the respective real-time
applications. Let leaf node i require a service curve
Si ðÞ be allocated to meet the delay bound for the
application. (How to allocate such service curves is
deferred to Section 4.1.) Then, from Eqs. (9) and
(10), those applications are admitted if
N
X

Si ðtÞ 6 Sk ðtÞ:

ð11Þ

i¼1

Note that since the admission condition in Eq. (11)
is given, how to allocate a service curve determines
the level of network utilization.
It is worth mentioning that the service curve
algorithm does not guarantee the service curves for
internal nodes although the short-term discrepancy between the serviced traﬃc amount for an
internal node and the amount speciﬁed by the
service curve is minimized. In fact, as mentioned in
[22], it is impossible to guarantee all the service
curves for both leaf and internal nodes simulta-
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neously. Thus, the H-FSC guarantees the service
curves for leaf nodes since those nodes are allocated to real-time sessions.
3.3. Hierarchical fair algorithm for the hierarchical
link-sharing service
To achieve the hierarchical link-sharing service,
H-FSC uses a hierarchical fair algorithm. The fair
algorithm maintains a virtual time curve Vi ðÞ for
each node i. Vi ðvÞ represents the amount of service
for the node i to be received by the virtual time v.
In the special case that the node i is an internal
node, Vi ðÞ indicates the aggregated amount of
service for all the descendants of the node i to be
received. In addition, the parent of the node i,
denoted by pðiÞ, maintains a system virtual time
s
s
curve VpðiÞ
ðÞ for the node i and its siblings. VpðiÞ
ðvÞ
represents the expected amount of service for any
child to be received by the virtual time v. When a
child of the node pðiÞ becomes newly backlogged,
s
VpðiÞ
ðÞ is used to increase the virtual times of
the child to catch up with other siblings without
s
penalizing them. In the H-FSC, VpðiÞ
ðÞ is set
to ðVi;max ðÞ þ Vi;min ðÞÞ=2 where Vi;max ðÞ and Vi;min ðÞ
indicate the maximum and the minimum virtual
time curve among the node i and its siblings, respectively, for minimizing the discrepancy between
the virtual times of any two siblings. Speciﬁcally,
similar to deadline curves, the virtual time curve
Vi ðÞ for the node i is deﬁned as follows [22]:
Vi ðbmi ; vÞ ¼ minfVi ðbim1 ; vÞ; Wi ðbmi Þ
s
þ Si ðv  VpðiÞ
Þg

s
for v P VpðiÞ
ðbmi Þ: ð12Þ

Note that Vi ðbmi ; vÞ ¼ Vi ðvÞ if bmi is the last backlogged time point. Given a head packet, its virtual
time is computed from the inverse of Vi ðÞ. The
hierarchical fair algorithm distributes bandwidth
fairly to each node according to the hierarchy by
transmitting a packet with the smallest virtual
time. (Sometimes a packet with no smallest virtual
time may be transmitted by the service curve algorithm. However, this deviation disappears in
long intervals if the service curve algorithm
transmits a packet only when there is a danger to
violate deadlines.)
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3.4. Mediating real-time and link-sharing services
Since it is not possible to guarantee both realtime and link-sharing services all the time [22], the
H-FSC gives ‘‘enough’’ bandwidth for the real-time
service not to violate deadlines in the future. The
excess bandwidth can be safely distributed for the
link-sharing service. However, this preference to the
real-time service may result in deviation from
the ideal link-sharing service whenever a packet with
no smallest virtual time is transmitted by the service
curve algorithm. Thus, to minimize the deviation in
just a short period, the H-FSC tries to transmit a
packet by the service curve algorithm only when
there is a danger to violate deadlines in the future.
Let us see how the H-FSC can determine whether a packet can be safely transmitted for the linksharing service without the danger of violating
deadlines. Consider the current time t. Let us denote by AðtÞ and PðtÞ the set of backlogged and
non-backlogged sessions at the time t, respectively.
In the worst-case, for a future time t0 , all the sessions in AðtÞ remain backlogged up to the time t0 .
In addition, all the sessions in PðtÞ also become
immediately backlogged at the time t and remain
backlogged during the time interval ðt; t0 . In this
case, the maximum amount of service over the interval ðt; t0  required by AðtÞ andP
PðtÞ becomes
P
m 0
m
0
ðD
ðb
;
t
Þ

D
ðb
;
tÞÞ
and
i i
i i
i2AðtÞ
i2PðtÞ ðDi ðt; t Þ
 Wi RT ðtÞÞ, respectively.
Until the time t, AðtÞ has
P
received at least i2AðtÞ Di ðbmi ; tÞ to guarantee their
service curves. Similarly, both AðtÞ and PðtÞ can
together receive at most C  ðt0  tÞ during the interval ðt; t0 . Now let us denote the minimum service
amount required by the service curve algorithm
until the time t to guarantee all the service curves
for leaf nodes in the future by the system eligible
curve EðtÞ. Then, EðtÞ is deﬁned as follows [22]:
X
EðtÞ ¼
Di ðbmi ; tÞ
i2AðtÞ

"

þ max
0
t >t

þ

X

X

ðDi ðbmi ; t0 Þ  Di ðbmi ; tÞÞ

i2AðtÞ
0

ðDi ðt; t Þ  Wi

!#þ
RT

0

ðtÞÞ  C  ðt  tÞ

i2PðtÞ

ð13Þ

;
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where bmi is the last backlogged time point of the
þ
session i and ½x is deﬁned as maxðx; 0Þ. If the
total service amount transmitted by the service
curve algorithm is no less than EðtÞ at the time t,
there is no danger to violate any deadline at all.
However, maintaining EðtÞ is not practical since
it depends on all sessions. Whenever a session
becomes either backlogged or empty, EðtÞ is updated using all the deadline curves. Thus, each
updating requires OðN Þ complexity where N is the
number of sessions. In addition, each updaetd EðtÞ
can be arbitrarily many piecewise linear even if all
deadline curves are two piecewise linear. Thus, it is
diﬃcult to maintain and implement EðtÞ eﬃciently.
Due to the implementation diﬃculty in EðÞ, the
H-FSC keeps an eligible time curve Ei ðÞ for each
leaf node i instead of EðÞ. Ei ðtÞ represents the
minimum amount of service for leaf node i to receive until time t to prevent any deadline violations. If the node receives less service until t, there
exists potential danger to violate the deadlines of
some packets in the node. On the contrary, it is
superﬂuous to provide more service than Ei ðtÞ
until t not to
Pviolate the deadlines. In [22],
P it is
shown that
E
ðtÞ
P
EðtÞ.
That
is,
i2AðtÞ i
i Ei ðÞ
overestimates EðÞ slightly. However, Ei ðÞ has a
big advantage on maintenance and implementation. Ei ðÞ does not depend on other sessions at all.
As with the deadline curve Di ðtÞ, Ei ðÞ is updated
whenever the session is newly backlogged. For this
update, H-FSC maintains Ei ðbmi ; Þ at the latest
backlogged time point bmi as follows [22]:

m
m
Ei ðbi ; tÞ ¼Di ðbi ; tÞ þ max
ðDi ðbmi ; t0 Þ  Di ðbmi ; tÞ
0
t >t

þ
 Si ðt0  tÞÞ

for t P bmi :

ð14Þ

Note that Ei ðÞ ¼ Ei ðbmi ; Þ if bmi is the last backlogged time point.
Given a head packet pi , its eligible time is
computed from the inverse of Ei ðÞ. Then, if all the
eligible times are greater than the current time, a
packet can be safely served for the link-sharing
service. Thus, if the smallest eligible time is not
greater than the current time, the service curve
algorithm is selected. Otherwise, the hierarchical
fair algorithm is selected.

Fig. 6. An illustrative example of the deadline curve Di ðÞ, the
eligible time curve Ei ðÞ, and the work amount curve Wi ðÞ.

3.5. An illustration of the deadline, the eligible time
and the virtual time curve
The link bandwidth is commonly used to provide the real-time and the link-sharing service with
diﬀerent goals. In the H-FSC, both requirements
are speciﬁed by service curves. That is, a sessionÕs
real-time and bandwidth requirement is expressed
by a single service curve, not a separate curve for
either requirement. However, each curve uses the
common service curve in diﬀerent ways to satisfy
its goal. Fig. 6 illustrates an example of the
deadline curve Di ðÞ, the eligible time curve Ei ðÞ,
and the work amount curve Wi ðÞ of the session i
when the last backlogged time point is bmi . In the
ﬁgure, when the current time is tc , the head packet
of the session i is transmitted by the fair algorithm
using the virtual time curve Vi ðÞ since its eligible
time ei is greater than tc . The virtual time curve
Vi ðÞ is not illustrated explicitly since the function is
based on a diﬀerent time domain, i.e., the virtual
time. Although a virtual time curve is initially set
by a curve based on the real time, both times are
not synchronized. For example, if a session receives more service than its speciﬁed service curve,
its virtual time goes faster than the real time. Note
that for the fair service, only the relative time
values of sessions are meaningful, not their absolute values.

4. Proposed service curve allocation scheme
In Section 4.1, we propose a scheme to allocate
a service curve given a traﬃc characterization and
a delay bound for each session. The service curve
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algorithm reviewed in the previous section can use
any non-decreasing functions. The service curve
allocated by our scheme is a specialization of a
service curve which results in tight bandwidth
reservation and achieves a high level of network
utilization.
4.1. Service curve allocation
Given a guaranteed service curve for a real-time
session, we can induce the delay bound for the
session by Theorem 2. We use this theorem as the
basis of our service curve allocation scheme.
When a service curve is allocated for a session,
the curve cannot be guaranteed by the H-FSC.
This is so since packets are transmitted nonpre-emptively. The following theorem tells that
to guarantee a service curve Si ðÞ, the H-FSC needs
to allocate Si ðÞ shifted left by lmax =C to the session
where lmax is the maximum packet size and C is the
link capacity. (The following theorem was also
touched in [22], but very lightly without a formal
proof.)
Theorem 4. Suppose that each leaf node i has been
allocated a service curve Si ðÞ for a real-time session
and has passed the admission test. Then, H-FSC
strictly guarantees the following service curve b
S i ðÞ
for the session:

0;
t 6 lmax =C;
b
S i ðtÞ ¼
ð15Þ
max
Si ðt  l =CÞ; t > lmax =C;
where lmax is the maximum packet size and C is the
link capacity.
Proof. See Appendix A.



We ﬁrst derive an ideal service curve allocation
scheme using Theorems 2 and 4. Consider a session i which requires a ðdi þ lmax =CÞ delay bound
to be guaranteed, where C is the link capacity and
lmax is the maximum packet size. Let the traﬃc
envelope function bi ðtÞ for session i be
mink¼1K frki þ qki tg where rki and qki are greater
than 0. In this case, we can see that H-FSC can
guarantee the delay bound for session i if the following service curve Ti ðÞ is allocated to session i
by the theorems:


Ti ðtÞ ¼

0;
mink¼1K frki þ qki ðt  di Þg;
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0 6 t 6 di ;
t > di :
ð16Þ

However, if Ti ðÞ is allocated as a service curve,
deadline computation becomes diﬃcult. As an
example, Fig. 7 illustrates an initial deadline curve
for session i in the case that Ti ðÞ is allocated as the
service curve for session i. In the ﬁgure, Di ðÞ is the
deadline curve initialized to Ti ðÞ when session i is
backlogged at the ﬁrst time. Consider a packet
with size l which becomes head at a time tc during
the ﬁrst backlogged period. The deadline of the
packet is the ﬁrst time point at which the accumulated input amount ðWi RT ðtc Þ þ lÞ becomes
equal to DðÞ. In the context of mathematics, such
a time point exists. However, we cannot express
the exact value due to the discontinuity of Di ðÞ at
the time di . Thus, deadline computation using
service curve in Eq. (16) is diﬃcult.
To overcome the diﬃculty in deadline computation, we allocate a concave service curve 2 based
on Ti ðÞ. Fig. 8 graphically illustrates how to construct a service curve Si ðÞ from Ti ðÞ. In the ﬁgure,
for t > di , Si ðtÞ is identical to Ti ðtÞ. However, to
make Si ðÞ concave, we allocate the ﬁrst non-zero
slope in Si ðÞ to qmax which is the maximum rate we
set up manually such that qmax P qki for all i and k.
Due to qmax , the ﬁrst non-zero line segment in Si ðÞ
starts from ðdi  r1i =qmax ; 0Þ and ends at ðdi ; r1i Þ.
The service curve Si ðÞ constructed in the ﬁgure can
be represented by an equation. For a simple representation, let r0i and q0i be equal to r1i and qmax ,
respectively. In addition, let us denote
ðdi  r1i =qmax Þ by xi . Then, the service curve Si ðÞ
becomes as follows:

0;
0 6 t 6 xi ;
Si ðtÞ ¼
mink¼0K frki þ qki ðt  di Þg; t > xi :
ð17Þ
Note that service curve in Eq. (17) is continuous.
This continuity results in deadline curve without
discontinuity. Thus, deadline computation be-

2

A service curve Si ðtÞ is said to be concave if for any two
times, t1 and t2 , and for any a 2 ð0; 1Þ, we have
Si ðat1 þ ð1  aÞt2 Þ P aSi ðt1 Þ þ ð1  aÞSi ðt2 Þ.
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how to allocate a service curve in that scheme. In
the ﬁgure, the allocation scheme is divided in two
cases. Note that in both cases, a two piecewise
linear service curve is allocated. On the contrary, if
our scheme is used, a three piecewise linear curve
will be allocated for a ðr; qÞ-smooth session. We
will see in the next section that our service curve is
tighter due to the ﬁrst non-zero slope qmax .
Fig. 7. An initial deadline curve for session i. Given a packet
with size l which becomes head at a time tc , it is diﬃcult to
determine the deadline of the packet since the deadline curve
jumps at the time di .

Fig. 8. The allocated service curve Si ðÞ for session i in our
scheme when session i is expected to have the traﬃc envelope
function bi ðÞ (xi ¼ di  r1i =qmax ).

comes easier than that using service curve in Eq.
(16).
Let us compare the service curve allocation
scheme proposed in [22] with our scheme. While
our scheme considers general Kðr; qÞ-smooth sessions, the scheme proposed in [22] considers only
ðr; qÞ-smooth sessions. Fig. 9 graphically illustrates

4.2. Network utilization
In [15], it is shown that if the ideal service curve
allocation scheme explained in the previous section
is used, H-FSC can achieve the same network
utilization as the EDF with regulators. The EDF
with regulators can achieve a very high level of
network utilization [8,7,25].
The service curves allocated by our scheme are
very close to those by the ideal scheme. While the
ideal scheme allocates Ti ðÞ for session i, our
scheme allocates Si ðÞ for the session. Note that if
qmax ! 1, Si ðÞ ! Ti ðÞ. Thus, if we set up qmax to
a suﬃciently large value, our scheme can achieve
the same level of network utilization as the EDF
with regulators. Thus, our scheme can achieve a
very high level of network utilization.
Our scheme can achieve higher level of network
utilization than the scheme proposed in [22] for
VBR sessions. This is because the service curves
allocated by the scheme in [22] is not tight for VBR
sessions compared to those by our scheme. Fig. 10
illustrates two diﬀerent service curves allocated by
both schemes to meet a delay bound for a VBR
session. The delay bound is ðdi þ lmax =CÞ where C

Fig. 9. The service curve allocation proposed in [22] for ðr; qÞ-smooth session i with ðdi þ lmax =CÞ delay bound: (a) allocated service
curve when r=di > q and (b) allocated service curve in other cases.
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Fig. 10. Diﬀerent service curves to guarantee the same delay
bound for a VBR session. S1ðÞ is a two piecewise linear curve.
S2ðÞ is a ﬁve piecewise linear curve. Note that S2ðÞ is much
tighter.
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spectively. We denote the curves for sessions 1 and
2 allocated by the scheme proposed in [22] by
S1old ðÞ and S2old ðÞ, respectively. Fig. 11 illustrates
those service curves in the case that we set up qmax
to C. In the ﬁgure, in the case of session 1, both
schemes allocate the same service curve. However,
for session 2, diﬀerent service curves are allocated.
Note that both sessions are admitted if H-FSC
adopts our scheme. However, if H-FSC adopts the
scheme proposed in [22], either sessions 1 or 2 is
rejected. (If we add the service curves S1old ðÞ and
S2old ðÞ in the ﬁgure, the added curve exceeds the
link capacity curve during the interval ½0; r=C.)

5. Scheduling complexity

Fig. 11. Service curves for CBR sessions allocated by our
scheme and the scheme proposed in [22].

is the link capacity and lmax is the maximum packet
size. In the ﬁgure, bi ðÞ is the expected traﬃc envelope function for the VBR session. The service
curves, S1ðÞ and S2ðÞ, are piecewise linear curves
which have two and ﬁve line segments, and are
allocated by the scheme in [22] and our scheme,
respectively. Since Dðbi kS1Þ and Dðbi kS2Þ are all
equal to di , the two service curves can guarantee
the same delay bound di . However, the service
curve S1ðÞ is less tight than S2ðÞ.
Even for constant-bit-rate (CBR) sessions, our
scheme can achieve a higher level of network utilization. We show this network utilization advantage of our scheme by an example. Consider two
sessions, sessions 1 and 2. Let both sessions be
expected to have the same traﬃc envelope function
ðr; qÞ, but with diﬀerent delay bounds,
ðr=C þ lmax =CÞ and ðr=q þ lmax =CÞ, respectively,
where lmax is the maximum packet size. Let us
denote the service curves for sessions 1 and 2 allocated by our scheme by S1new ðÞ and S2new ðÞ, re-

The service curves allocated by the proposed
scheme are piecewise linear. If piecewise curves are
allocated without any restriction, computation of
time-stamps for incoming packets, i.e., deadlines,
eligible times and virtual times, requires high
complexity. In [22], a special type of service curves,
i.e., only two piecewise linear curves, are allocated
to avoid such a high complexity. However, we
show that the piecewise linear service curves allocated by our scheme require just a constant time
for computing the time-stamps. That is, compared
to the service curve allocation scheme proposed in
[22], our scheme has better network utilization
while having the same scheduling complexity.
The scheduling complexity of H-FSC consists
of two parts, computing time-stamps for incoming
packets and transmitting those packets. For
packet transmission, three sorted priority queues
are maintained, one for deadlines, another for
virtual times, and the third for eligible times. The
maintenance cost for a sorted priority queue is
Oðlog N Þ where N is the number of leaf nodes. This
cost can be further reduced to Oð1Þ with a special
hardware such as a sequencer [10] or a systolic
array [11]. Note that whatever service curves are
used, this cost for packet transmission remains
unchanged.
However, computing the time-stamps has different complexities depending on allocated service
curves. To compute the time-stamps, each leaf
node maintains three curves, i.e., a deadline curve,
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an eligible curve, and a virtual time curve, which
depend on the allocated service curve. The deadline, the eligible time, and the virtual time of a
head packet are calculated from the inverse of
those curves.
In the subsequent subsections, we show that
each time stamp can be computed in a constant
time if a service curve is allocated by our scheme.
In Section 5.1, we show that the maintenance cost
for a deadline curve is constant. We also show that
the deadline of a head packet can be calculated
from the deadline curve in a constant time. Similarly, in Section 5.2, we show that the cost to
maintain an eligible time curve and that to calculate an eligible time are constants. The same results
apply to the maintenance of a virtual time curve
and the calculation of a virtual time. However, we
do not present the case of the virtual time since a
virtual time curve is very similar to a deadline
curve [22]. Detailed steps can be easily inferred
from the case of a deadline curve.
5.1. The costs related to the deadline curve and the
deadline
As mentioned in Section 3.2, given an allocated
service curve Si ðÞ and the last backlogged time
point bmi , the deadline curve Di ðbmi ; Þ is updated as
follows:
; tÞ; Wi RT ðbmi Þ
Di ðbmi ; tÞ ¼ minfDi ðbm1
i
þ Si ðt  bmi Þg

for t P bmi :

ð18Þ

From Eq. (18), we can see that if the allocated
service curve is complex, the update cost for the

Fig. 12. The two piecewise service curve Si ðÞ allocated by our
scheme in the case that qmax is equal to q for simplicity of discussion.

deadline curve becomes high. We show by an example that even with a simple service curve, which
is two piecewise linear, updating the deadline curve
incurs high complexity. However, we show that, at
each update step, we can reduce the maintenance
range of the deadline curve. Maintaining the
deadline curve on this reduced range is suﬃcient to
compute the subsequent deadlines. Further, the
complexity of the computation is signiﬁcantly reduced; the update cost for the deadline curve becomes constant since unnecessary time points are
trimmed out at each update step. In addition, the
deadline calculation can also be done in a constant
time.
Consider a leaf node i which is constructed for a
real-time session. Suppose that the real-time session requires a delay bound of ðdi þ lmax =CÞ to be
guaranteed, where C is the link capacity and lmax is
the maximum packet size. Assume that a two
piecewise linear service curve Si ðÞ has been allocated as shown in Fig. 12. This two piecewise curve
has been allocated by setting up qmax to q for
simplicity of discussion. Then, from Eq. (18), when
Di ðÞ is secondly updated, Di ðÞ becomes as follows:
Di ðb2i ; tÞ ¼ minfSi ðt  b1i Þ; Si ðt  b2i Þ
þ Wi RT ðb2i Þg

for t P b2i :

ð19Þ

Fig. 13 illustrates an example of Di ðb2i ; Þ given the
two piecewise service curve Si ðÞ. In ﬁgure (a), the
two curves used to update Di ðÞ, i.e., Si ðt  b1i Þ and
Si ðt  b2i Þ þ Wi RT ðb2i Þ, are illustrated. In this case,
the two curves cross each other. In ﬁgure (b), the
resulting deadline curve Di ðÞ updated using
the curves in ﬁgure (a) is illustrated. Note that, in
the ﬁgure (b), the updated Di ðtÞ is not linear for
t P b2i . Thus, at the mth backlogged time point bmi ,
updating Di ðbmi ; tÞ for t P bmi may require a very
high complexity.
Fortunately, the following lemma tells that, at
each mth backlogged time point bmi , to compute
subsequent deadlines, it is suﬃcient to maintain
Di ðbmi ; tÞ only for t P bmi þ xi . Here, xi is the ﬁrst
time point at which the allocated service curve Si ðÞ
has a non-zero value. (An example of xi is represented in Fig. 12.)
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Fig. 13. An example of updating Di ðÞ when the session is secondly backlogged given the two piecewise service curve Si ðÞ: (a) two
curves for updating Di ðÞ and (b) updated Di ðÞ.

Lemma 1. Suppose that a service curve Si ðÞ is allocated to leaf node i for a real-time session. Let xi
be the first time point at which Si ðÞ has a non-zero
value. Consider the packets from the session which
arrive after the last backlogged time point bmi . Then,
the deadlines of those packets are always greater
than bmi þ xi .
Proof. Consider a packet p which becomes the
head packet after the last backlogged time point
bmi . Let us denote the length and the deadline of the
packet p by l and d, respectively. We also denote
the time the packet p becomes head by tc . In this
case, the accumulated amount of data including
the packet p to be transmitted until the deadline d
becomes ðWi RT ðtc Þ þ lÞ, which we denote by w for
notational convenience. Then,
d ¼ minft: Di ðbmi ; tÞ ¼ wg
¼ minft: minfDi ðbm1
; tÞ;
i
RT m
Wi ðbi Þ þ Si ðt  bmi Þg ¼ wg
¼ maxfminft: Di ðbim1 ; tÞ ¼ wg;
minft: Wi RT ðbmi Þ þ Si ðt  bmi Þ ¼
P minft: Wi RT ðbmi Þ þ Si ðt  bmi Þ ¼ wg
P minft: Si ðt  bmi Þ ¼ lg
ðsince Wi RT ðtc Þ P Wi RT ðbmi ÞÞ
m
P bi þ x i :


ð20Þ
ð21Þ

linear curve, it is suﬃcient to keep the starting time
point and the slope.
Now we formally show in the following lemma
that if we allocate a service curve using our
scheme, at each backlogged time point, the updated deadline curve is reduced to a simple curve
which is K piecewise linear for the reduced maintenance range.
Lemma 2. Consider a leaf node i which is constructed for a real-time session. Suppose that the
real-time session is expected to have the traffic envelope function mink¼1K frki þ qki tg and requires
the delay bound of ðdi þ lmax =CÞ to be guaranteed,
where C is the link capacity and lmax is the maximum packet size. Further assume that a service
curve to the leaf node i is allocated using Eq. (17).
Then, when the session becomes backlogged at the
mth time, the updated Di ðbmi ; Þ becomes a K piecewise linear curve as follows:
Di ðbmi ; tÞ ¼ min fCim;k þ qki tg
k¼0K

wgg ð22Þ
ð23Þ
ð24Þ
ð25Þ

For the reduced maintenance range, the deadline curve in Fig. 13(b) can be maintained in a
constant time. In the ﬁgure, the updated Di ðÞ remains linear after the time ðb2i þ xi Þ. To maintain a

for t P bmi þ xi ;
ð26Þ

where q0i ¼ qmax , r0i ¼ r1i , xi ¼ di  r1i =qmax , and
8 k
< ri  qki ðb1i þ di Þ; m ¼ 1;
m;k
Ci ¼ minfCim1;k ; rki  qki ðbmi þ di Þ þ Wi RT ðbmi Þg;
:
m P 2:
ð27Þ
Proof. Using Eq. (17), the leaf node i is allocated
the following service curve Si ðÞ for the session:
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Si ðtÞ ¼

0;
mink¼0K frki þ qki ðt  di Þg;

0 6 t 6 xi ;
t > xi :
ð28Þ

Given the service curve Si ðÞ, the deadline curve
Di ðÞ is updated at each backlogged time point bmi
as follows:
Di ðbmi ; tÞ

¼ minfDi ðbim1 ; tÞ; Wi RT ðbmi Þ
þ Si ðt  bmi Þg for t P bmi

þ xi :

ð29Þ

Di ðb1i ; tÞ ¼ Si ðt  b1i Þ ¼ min frki þ qki ðt  b1i  di Þg
k¼0K

¼ min

k¼0K

þ qki tg:

By the induction hypothesis, for t P bmi þ xi ,
Di ðbmi ; tÞ ¼ min fCim;k þ qki tg:

ð30Þ

k¼0K

Then, as the induction step, for t P bimþ1 þ xi ,
Di ðbmþ1
; tÞ ¼ minfDi ðbmi ; tÞ; Si ðt  bmþ1
Þ þ Wi RT ðbmþ1
Þg
i
i
i
¼ minf min fCim;k þ qki tg;
k¼0K

min frki þ qki ðt  bmþ1
 di Þg
i

k¼0K

Þg
þ Wi RT ðbmþ1
i
¼ min fminfCim;k ; rki  qki ðbmþ1
þ di Þ
i
k¼0K

þ Wi RT ðbmþ1
Þg þ qki tg
i
¼ min fCimþ1;k þ qki tg:

Di ðbmi ; tÞ ¼ min fCim;k þ qki tg
k¼0K

Note that in Eq. (29), by Lemma 1, Di ðbmi ; tÞ is
maintained only for t P bmi þ xi , not for t P bmi .
Then, we prove the lemma by structural induction
on the number of backlogged times. As the base
step, for t P b1i þ xi ,

fCi1;k

Proof. First, we prove that updating each deadline
curve can be done in a constant time. It is suﬃcient
to show that the deadline curve Di ðbmi ; Þ presented
in Lemma 2 can be updated in a constant time. By
Lemma 2, at the mth backlogged time point bmi ,
Di ðÞ is updated as follows:



k¼0K

Finally, using Lemma 2, we show in the following theorem that, at each update step, the cost
to update a deadline curve as well as that to calculate deadlines become all constant.
Theorem 5. Given a service curve allocated by Eq.
(17) for a real-time session, at each backlogged time
point, the deadline curve can be updated in a constant time. In addition, subsequent deadline calculations from the inverse of the deadline curve can
also be done in a constant time.

for t P bmi þ xi :
ð31Þ

From Eq. (31), to update Di ðbmi ; Þ, we need to
calculate Cim;k for k ¼ 0; . . . ; K. If we save Cim1;k
for k ¼ 0; . . . ; K at the previous update,
minfCim1;k ; rki  qki ðbmi þ di Þ þ Wi RT ðbmi Þg can be
done in Oð1Þ since both rki  qki ðbmi þ di Þ and
Wi RT ðbmi Þ are ﬁxed at the time bmi . Thus, each Cim;k
can be calculated in Oð1Þ. Since each fCim;k þ qki tg
is a linear curve, Di ðbmi ; Þ becomes a concave
piecewise linear for the range. For maintaining this
concave curve, we need to keep K þ 1 number of
starting time points and slopes. This operation can
be done in OðKÞ. In most cases, K is restricted to a
small number [16]. Thus, the updating cost is
constant.
Next, we show that deadline calculations can be
done in a constant time. The deadline of each
packet is calculated from the inverse of Di ðbmi ; Þ if
bmi is the last backlogged time point. Recall that
Di ðbmi ; Þ is a concave piecewise linear for the range.
Thus, the deadline of each packet can be calculated from the inverse of the deadline curve in
OðKÞ where K is the number of line pieces of the
deadline curve. As mentioned, usually K is a small
number. So, the deadline calculation cost is constant. 
5.2. The costs related to the eligible time curve and
the eligible time
In this subsection, we show that given a service
curve allocated by our scheme, the maintenance
cost for the eligible time curve is constant, and the
eligible time of the head packet can be calculated
in a constant time.
As mentioned in Section 3.4, if a service curve
Si ðÞ is allocated, at the last backlogged time point
bmi , the eligible curve Ei ðÞ is updated as follows:
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Ei ðbmi ; tÞ ¼Di ðbmi ; tÞ þ ½max
ðDi ðbmi ; t0 Þ  Di ðbmi ; tÞ
0
t >t
þ

 Si ðt0  tÞÞ

for t P bmi :

ð32Þ

Ei ðÞ in Eq. (32) is complicated. Moreover, considering the complexity of the curve Di ðbmi ; Þ in Eq.
(18), the update cost for the eligible time curve can
be extremely high. However, we show that given a
service curve allocated by our scheme, the eligible
time curve can be reduced to a simple one which is
concave piecewise linear. In reality, the update of
the eligible curve can be done using the updated
deadline curve Di ðbmi ; Þ by a simple shifting. Thus,
the complexity of maintaining the eligible curve
becomes that of a deadline curve. By the Lemmas
3–5, we ﬁrst show that the eligible curve can be
reduced to a simple curve, which is a shifted
deadline curve. Then, in Theorem 6, we show that
the updating cost for the simple curve and the cost
for calculating the eligible time become constants.
Lemma 3. Consider a concave piecewise linear
function f ðÞ. Let t1 and t2 be x-coordinates such
that t1 6 t2 . Then, given an interval of length I,
f ðt2 þ IÞ  f ðt2 Þ 6 f ðt1 þ IÞ  f ðt1 Þ:
Proof. Trivial.

ð33Þ



Lemma 4. Assume that a service curve Si ðÞ is allocated using Eq. (17) for a Kðr; qÞ session. Let xi be
the first time point at which the service curve Si ðÞ
has a non-zero value. Then, given the service curve
Si ðÞ, at the mth backlogged time point bmi , the updated deadline curve satisfy the following inequality:
Di ðbmi ; t þ DÞ  Di ðbmi ; tÞ 6 Si ðxi þ DÞ;
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where r0i ¼ r1i , q0i ¼ qmax , and xi ¼ di  r1i =qmax .
From Eq. (35),

Si ðxi þ DÞ ¼ min

k¼0K

rki

þ

qki




r1i
 max þ D :
q
ð36Þ

Given the service curve Si ðÞ, at the mth backlogged time point, the deadline curve is updated,
as shown in Lemma 2, as follows:
Di ðbmi ; tÞ ¼ min fCim;k þ qki tg
k¼0K

for t P bmi þ xi ;
ð37Þ

where

Cim;k

8 k
k 1
< ri  qi ðbi þ di Þ; m ¼ 1;
¼ minfCim1;k ; rki  qki ðbmi þ di Þ þ Wi RT ðbmi Þg;
:
m P 2:
ð38Þ

Now we prove the lemma by structural induction on the number of backlogged times. As the
base step, consider the ﬁrst backlogged time point
b1i . In this case, t P b1i þ xi . Let t be equal to
b1i þ xi þ h where h is a non-negative number.
Then,
Di ðb1i ; t þ DÞ  Di ðb1i ; tÞ ¼ Di ðb1i ; b1i þ xi þ h þ DÞ
 Di ðb1i ; b1i þ xi þ hÞ:
ð39Þ

ð34Þ

where t P bmi þ xi and D > 0.
Proof. Consider a Kðr; qÞ session which requires a
delay bound of ðdi þ lmax =CÞ to be guaranteed,
where C is the link capacity and lmax is the maximum packet size. Using Eq. (17), for the Kðr; qÞ
session, the following service curve Si ðÞ is allocated:

0;
0 6 t 6 xi ;
Si ðtÞ ¼
mink¼0K frki þ qki ðt  di Þg; t > xi ;
ð35Þ

Since the deadline curve Di ðÞ is a concave
piecewise linear curve, if we apply Lemma 3 to Eq.
(39),
Di ðb1i ; b1i þ xi þ h þ DÞ  Di ðb1i ; b1i þ xi þ hÞ
6 Di ðb1i ; b1i þ xi þ DÞ  Di ðb1i ; b1i þ xi Þ:

ð40Þ

In Eq. (37), if we replace t by ðb1i þ xi þ DÞ and
ðb1i þ xi Þ, Di ðb1i ; b1i þ xi þ DÞ  Di ðb1i ; b1i þ xi Þ becomes as follows:
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þ xi þ DÞ and
In Eq. (37), if we replace t by ðbmþ1
i
mþ1
mþ1
ðbmþ1
þ
x
Þ,
D
ðb
;
b
þ
x
þ
DÞ

Di ðbmþ1
; bmþ1
i
i i
i
i
i
i
i
þ xi Þ becomes as follows:

min fCi1;k þ qki ðb1i þ xi þ DÞg

k¼0K

 min fCim;k þ qki ðb1i þ xi Þg
k¼0K

¼ min frki  qki ðb1i þ di Þ þ qki ðb1i þ xi þ DÞg

min fCimþ1;k þ qki ðbimþ1 þ xi þ DÞg

k¼0K

frki

qki ðb1i

k¼0K

qki ðb1i

 min

þ di Þ þ
þ xi Þg
k¼0K



1
ri
þD
¼ min rki þ qki  max
k¼0K
q


qki 1
 min rki  max
ri
k¼0K
q
ðsince xi ¼ di  r1i =qmax Þ


qki 1
k
¼ Si ðxi þ DÞ  min ri  max ri
k¼0K
q
ðfrom Eq: ð36ÞÞ:

 min fCimþ1;k þ qki ðbmþ1
þ xi Þg:
i
k¼0K

ð46Þ

Since
Cimþ1;k ¼ minfCim;k ; rki  qki ðbmþ1
þ di Þ þ Wi RT ðbmþ1
Þg;
i
i

we can rewrite Eq. (46) as follows:
min fminfCim;k þ qki ðbmþ1
þ xi þ DÞ; rki
i

k¼0K

ð41Þ

In Eq. (41), since r1i 6 rki and qki =qmax 6 1 for
k ¼ 0; . . . ; K,


qki 1
k
min ri  max ri P 0:
ð42Þ
k¼0K
q
From Eqs. (41) and (42),


qki 1
Si ðxi þ DÞ  min rki  max
ri 6 Si ðxi þ DÞ:
k¼0K
q
ð43Þ
Thus,

þ qki ðxi  di þ DÞ þ Wi RT ðbmþ1
Þgg
i
 min fminfCim;k þ qki ðbimþ1 þ xi Þ; rki
k¼0K

þ qki ðxi  di Þ þ Wi RT ðbimþ1 Þgg:

ð47Þ

For notational convenience, let us denote, for
þ xi Þ and rki þ qki ðxi  di Þþ
each k, Cim;k þ qki ðbmþ1
i
RT mþ1
k
Wi ðbi Þ by V and W k , respectively. Then, Eq.
(47) becomes as follows:
min fminfV k þ qki D; W k þ qki Dgg

k¼0K

 min fminfV k ; W k gg
k¼0K

Di ðb1i ; t þ DÞ  Di ðb1i ; tÞ 6 Si ðxi þ DÞ:
By the induction hypothesis, for

t P bmi

ð44Þ

k¼0K

þ xi ,

 minf min fV g; min fW k gg:
k¼0K

k¼0K

 min

k¼0K

þ

qki ðbmi

þ xi Þg

6 Si ðxi þ DÞ:

ð45Þ

As the induction step, consider the ðm þ 1Þth
backlogged time point bimþ1 . In this case,
t P bmþ1
þ xi . Let t be equal to bmþ1
þ xi þ h where
i
i
h is a non-negative number. Then,
Di ðbmþ1
; t þ DÞ  Di ðbimþ1 ; tÞ
i
¼ Di ðbmþ1
; bimþ1 þ xi þ h þ DÞ
i
 Di ðbmþ1
; bimþ1 þ xi þ hÞ
i
6 Di ðbimþ1 ; bmþ1
þ xi þ DÞ
i
 Di ðbmþ1
; bimþ1 þ xi Þ
i

ðby Lemma 3Þ:

k¼0K

k

Di ðbmi ; t þ DÞ  Di ðbmi ; tÞ
¼ min fCim;k þ qki ðbmi þ xi þ DÞg
fCim;k

¼ minf min fV k þ qki Dg; min fW k þ qki Dgg
k¼0K

ð48Þ

First, consider the case that mink¼0K fV k g
P mink¼0K fW k g. In this case, Eq. (48) becomes
as follows:
minf min fV k þ qki Dg; min fW k þ qki Dgg
k¼0K

k¼0K

 min fW k g 6 min fW k þ qki Dg  min fW k g
k¼0K
k¼0K
k¼0K




1
ri
þ Wi RT ðbmþ1
Þ
¼ min rki þ qki D  max
i
k¼0K
q


k
qi 1
ri þ Wi RT ðbmþ1
Þ
 min rki  max
i
k¼0K
q




r1i
k
k
RT mþ1
6 min ri þ qi D  max þ Wi ðbi Þ
k¼0K
q
 Wi RT ðbmþ1
Þ ðfrom Eq: ð42ÞÞ
i

K. Pyun et al. / Computer Networks 43 (2003) 669–694


¼ min

k¼0K



r1i
rki þ qki D  max
q

Di ðbmi ; t þ xi Þ  Di ðbmi ; tÞ. In addition, Si ðt0  tÞ ¼ 0
since t0  t < xi and for u < xi , Si ðuÞ ¼ 0. Thus, for
t0 2 ðt; t þ xi ,

¼ Si ðD þ xi Þ ðfrom Eq: ð36ÞÞ:
k

Next, consider the other case that mink¼0K fV g <
mink¼0K fW k g. In this case, Eq. (48) becomes as
follows:
minf min fV k þ qki Dg; min fW k þ qki Dgg
k¼0K

k¼0K

 min fV k g 6 min fV k þ qki Dg  min fV k g
k¼0K

¼ min

k¼0K

fCim;k

þ

k¼0K
k mþ1
qi ðbi
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k¼0K

þ xi þ DÞg

Di ðbmi ; t0 Þ  Di ðbmi ; tÞ  Si ðt0  tÞ
6 Di ðbmi ; t þ xi Þ  Di ðbmi ; tÞ:

ð52Þ

Next, consider the other case that t0 is greater than
t þ xi . Let t0 be equal to ðt þ xi þ hÞ where h is a
positive number. Then,
Di ðbmi ; t0 Þ  Di ðbmi ; tÞ  Si ðt0  tÞ
¼ Di ðbmi ; t þ xi þ hÞ  Di ðbmi ; tÞ  Si ðxi þ hÞ:

 min fCim;k þ qki ðbimþ1 þ xi Þg

ð53Þ

k¼0K

6 min fCim;k þ qki ðbmi þ xi þ DÞg
k¼0K

Since t P bmi and h > 0, by Lemma 4,

 min fCim;k þ qki ðbmi þ xi Þg ðby Lemma 3Þ

Di ðbmi ; t þ xi þ hÞ  Di ðbmi ; t þ xi Þ 6 Si ðxi þ hÞ:

k¼0K

6 Si ðD þ xi Þ ðfrom Eq: ð45ÞÞ:

ð54Þ


From Eqs. (53) and (54),

Lemma 5. Assume that a service curve Si ðÞ is allocated by Eq. (17) for a Kðr; qÞ session. Let xi be
the first time point at which the service curve Si ðÞ
has a non-zero value. At the mth backlogged time
point bmi , consider an updated deadline curve
Di ðbmi ; Þ. Then, Ei ðbmi ; Þ is reduced as follows:
Ei ðbmi ; tÞ ¼ Di ðbmi ; t þ xi Þ for t P bmi :

ð49Þ

Proof. Given the service curve Si ðÞ, at the mth
backlogged time point bmi , the eligible time curve is
updated as follows:
Ei ðbmi ; tÞ ¼ Di ðbmi ; tÞ
þ ½max
ðDi ðbmi ; t0 Þ  Di ðbmi ; tÞ
0
t >t

 Si ðt0  tÞÞþ

for t P bmi :

ð50Þ

For notational convenience, let us deﬁne Fi ðbmi ; Þ
as follows:
Fi ðbmi ; tÞ ¼ ½max
ðDi ðbmi ; t0 Þ  Di ðbmi ; tÞ
0
t >t

 Si ðt0  tÞÞ

þ

for t P bmi :

ð51Þ

To prove the lemma, we show that Fi ðbmi ; tÞ becomes equal to Di ðbmi ; t þ xi Þ  Di ðbmi ; tÞ. First,
consider the case that t0 2 ðt; t þ xi . (Skip this case
if xi is zero.) Since Di ðÞ is a non-decreasing function, Di ðbmi ; t0 Þ  Di ðbmi ; tÞ is less than or equal to

Di ðbmi ; t þ xi þ hÞ  Di ðbmi ; tÞ  Si ðxi þ hÞ
6 Di ðbmi ; t þ xi Þ  Di ðbmi ; tÞ:

ð55Þ

Thus, for t0 > t þ xi ,
Di ðbmi ; t0 Þ  Di ðbmi ; tÞ  Si ðt0  tÞ
6 Di ðbmi ; t þ xi Þ  Di ðbmi ; tÞ:



ð56Þ

Finally, using Lemma 5, we show in the following theorem that the cost to update each eligible time curve and that to calculate an eligible
time become all constant.
Theorem 6. Given a service curve allocated by Eq.
(17) for a real-time session, at each backlogged time
point, the eligible time curve can be updated in a
constant time. In addition, subsequent eligible time
calculations from the inverse of the eligible time
curve can also be done in a constant time.
Proof. First, we prove that updating each eligible
time curve can be done in a constant time. It is
suﬃcient to show that the eligible time curve
Ei ðbmi ; Þ presented in Lemma 5 can be updated in a
constant time. By Lemma 5, at the mth backlogged
time point bmi , Ei ðÞ is updated as follows:
Ei ðbmi ; tÞ ¼ Di ðbmi ; t þ xi Þ

for t P bmi :

ð57Þ
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To update Ei ðbmi ; Þ in Eq. (57), we have only to
shift Di ðbmi ; tÞ for t P bmi þ xi to the left by xi . As
mentioned earlier, Di ðbmi ; tÞ for t P bmi þ xi is a
concave piecewise linear curve, which requires to
maintain a ﬁxed number of changing time points
and slopes. Shifting such a curve can be done in a
constant time.
Next, we show that eligible time calculations
can be done in a constant time. The eligible time of
each packet is calculated from the inverse of
Ei ðbmi ; Þ if bmi is the last backlogged time point.
Note that since Ei ðbmi ; Þ is obtained by shifting a
concave piecewise linear curve Di ðbmi ; Þ, Ei ðbmi ; Þ is
also concave piecewise linear. So, the cost for
computing eligible times is constant. 

6. Simulation experiments
In this section, we show, through a simulation
study, that if H-FSC adopts our service curve allocation scheme, it can achieve a high level of
network utilization. We consider three scheduling
algorithms, i.e., the generalized H-FSC which
adopts our allocation scheme, the H-FSC with the
scheme proposed in [22], and the multirate algorithm proposed in [16] which uses multiple service
rates like our scheme. To compare the level of
network utilization, we measure and compare the
number of sessions admitted by the three algorithms.
We consider various MPEG-coded video traces 3 for the experiments. Table 1 presents the
characterized traﬃc envelope functions for the
MPEG videos. In the table, the ﬁrst three videos
are movie, the next three are sports, and the last
two are news and talk videos. Each frame is of
384 · 288 pixels. The frame rate is 25 frames per
second. Each video consists of 40,000 frames
which is equivalent to approximately half an
hour. We have measured the maximum sizes of I,
B, and P frames. The encoding pattern of all the
MPEG videos is IBBPBBPBBPBB. We have
characterized all the videos with 3ðr; qÞ envelope

3
These traces can be found in ftp-info3.informatik.uniwuerzburg.de/pub/MPEG.

functions using the maximum sizes of each frame
type.
We have measured the number of videos each
algorithm can admit with various delay bound
requirements. The link bandwidth is ﬁxed to 100
Mbps. The maximum packet size is assumed to be
1500 bytes. 4 Fig. 14 illustrates the number of the
Jurassic Park videos each algorithm can admit
with 11, 22, 45, and 90 ms delay bound requirements. We do not present the results with other
videos since they show similar results.
In Fig. 14, the generalized H-FSC outperforms both the H-FSC and the multirate algorithm. In the ﬁgure, the shorter the delay bound
requirement becomes, the more videos the generalized H-FSC can admit compared to the HFSC. For example, when the delay bound is 11
ms, the generalized H-FSC can admit about
three times that the H-FSC can. Thus, the advantage of the generalized H-FSC becomes very
clear for on-line real-time applications, e.g.,
video phone and video conferencing. Such online applications usually require a very short
end-to-end delay bound. Stored applications
such as video-on-demand may tolerate a longer
end-to-end delay. The generalized H-FSC is
much beneﬁcial even for stored applications.
Even though a long delay can be tolerated for
such applications, the delay which should be met
in a router becomes quite tight since there are
multiple routers in a wide-area network and the
given end-to-end delay bound should be distributed over multiple routers. Comparing the HFSC and the multirate algorithm, one is better
than the other depending on the diﬀerent delay
bound requirements. If the delay bound requirement is short, the multirate algorithm outperforms the H-FSC, while with a long delay
bound requirement, the H-FSC is better than the
multirate algorithm.

4
The multirate algorithm was studied in the ATM network
in which all packets have the same size of 53 bytes. Thus, in the
case of the multirate algorithm, all packets are assumed to have
the size of 53 bytes.
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Table 1
Characterized traﬃc envelope functions for the MPEG-coded video data
Video title

Characterized traﬃc envelope function bi ðtÞ

Jurassic Park
Star Wars
The Silence of the Lambs

minf365Kt; 5924 þ 220Kt; 9461 þ 211Ktg
minf380Kt; 8449 þ 174Kt; 14959 þ 158Ktg
minf409Kt; 8505 þ 201Kt; 22515 þ 167Ktg

ATP tennis
Formula race
Soccer

minf582Kt; 8588 þ 372Kt; 34168 þ 310Ktg
minf567Kt; 1034 þ 542Kt; 16438 þ 504Ktg
minf580Kt; 8802 þ 365Kt; 31989 þ 309Ktg

News
Talk

minf593Kt; 11576 þ 310Kt; 59540 þ 193Ktg
minf325Kt; 7448 þ 143Kt; 21428 þ 109Ktg

The unit is in byte, 1 K ¼ 1024.

Fig. 14. The number of the Jurassic Park video admitted in each algorithm according to various delay bound requirements.

7. Related work
In the literature, many scheduling algorithms
have been studied to provide a real-time service, a
link-sharing service, or both. Most of those algorithms can be categorized into three major trends,
namely, generalized processor sharing (GPS) algorithms [1,2,9,13,14,16,20], rate-controlled (RC)
algorithms [5,8,25], and service curve (SC) algorithms [4,17,18,22].
7.1. GPS algorithms
GPS scheduling algorithms, e.g., GPS [13,14],
worst-case fair weighted fair queueing (WF2 Q) [2],
H-PFQ [1], self-clocked fair queueing (SCFQ) [9],
rate-proportional servers [20], and multirate algo-

rithm [16], are rate-based algorithms to provide
real-time services. Usually these rate-based algorithms provide for each session a delay bound
depending on its traﬃc envelope function. (It is
theoretically possible to provide for a session a
delay bound independent of its traﬃc envelope
function. However, such cases are not practical
[14,22].) Thus, compared to the generalized HFSC, the achievable network utilization by those
algorithms are low. In addition, they do not provide hierarchical link-sharing services.
To provide both the real-time and the hierarchical link-sharing services, a hierarchical version
of GPS called H-GPS is studied in [1]. However, as
mentioned in Section 1, H-GPS has a lower level
of network utilization than the generalized HFSC.
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7.2. RC algorithms
RC scheduling algorithms [5,8,24,25] consist of
regulators and a packet scheduler. In these algorithms, the roles for allocating a service rate and a
delay bound for a session are separated to regulators and a packet scheduler, respectively. One or
more regulators are allocated to each session according to the traﬃc envelope function. Regulators for each session control the output rate of the
session. A diﬀerent packet scheduler such as a
static-priority (SP) scheduler or an EDF scheduler
can be adopted. The RC algorithm adopting the
SP/EDF scheduler is called an RC-SP/RC-EDF
algorithm.
Note that all RC algorithms have a severe difﬁculty in providing a link-sharing service due to
regulators. To give excess service to a session with
regulators, a complex queue management mechanism is needed to make packets bypass the regulators [8,26].
In providing a real-time service, the level of
network utilization as well as implementation cost
and scheduling complexity are aﬀected by the
adopted scheduler. First, consider the case of the
RC-EDF algorithm [5,8]. As mentioned, it has
the same level of network utilization, but higher
implementation cost than the generalized H-FSC
due to the regulators. It has to implement at least
N 5 regulators, where N is the number of sessions.
In [24], a method using a calendar queue has been
proposed to avoid implementing separate regulators for each session. However, although a
calendar queue is used, more than N packets may
have to be moved from the calendar queue to the
EDF scheduler within a short duration. Note that
the generalized H-FSC requires no regulators at
all since it computes deadlines for packets
smartly; both the traﬃc envelope function and
the delay bound are considered to compute
deadlines.
Next, let us consider the RC-SP algorithm. The
SP scheduler maintains a certain number of pri-

5

When each session is characterized by a Kðr; qÞ traﬃc
envelope function, KN number of regulators are required in
total.

ority groups in advance. A session is allocated to a
priority group during admission test. The SP
scheduler transmits a packet in the highest priority
group that has packets in the queue. Compared to
the generalized H-FSC, the RC-SP suﬀers from
low level of network utilization [12]. However, the
RC-SP has an advantage in scheduling complexity
if a calendar queue method is used [24,25]. In this
case, the number of priority groups is usually a
small constant. Thus, moving packets from the
calendar queue to the SP scheduler can be done in
a constant time.
7.3. SC algorithms
Service curve earliest deadline (SCED) algorithm [4,18] is a general service curve algorithm
which provides a real-time service. First of all,
compared to the generalized H-FSC, SCED does
not provide the hierarchical link-sharing service.
Next, although SCED is similar to the service
curve algorithm used in H-FSC, it considers only a
ﬁxed-sized packet environment that is applicable
to ATM networks. In a variable-sized environment such as the Internet, packets arrive and depart asynchronously. Recall that we have deﬁned a
diﬀerent guaranteed service curve to handle these
diﬀerences. (Although the authors in [3] have
studied how to allocate a service curve in SCED
under a variable-sized environment, they do not
address the issue of heavy implementation cost
imposed by asynchronous packet arrivals as discussed in Section 2.)

8. Conclusions
In this paper, we have proposed a scheduling
algorithm which achieves a high level of network
utilization and link-sharing simultaneously. The
proposed algorithm is an extension of the H-FSC
generalized by a new service curve allocation
scheme. By the new scheme, the generalized HFSC can achieve a high level of network utilization
even for VBR video data. Table 2 compares the HFSC with the generalized H-FSC in summary. In
the table, K is a small constant and N is the
number of sessions. We have shown by simulation
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Table 2
Comparison of H-FSC and generalized H-FSC
Service curve
Network utilization
Total scheduling complexity
Deadline computation
Eligible time computation
Virtual time computation
Packet transmission

H-FSC

Generalized H-FSC

Two piecewise linear
Low for VBR
Oðlog N Þ
Oð1Þ
Oð1Þ
Oð1Þ
Oðlog N Þ

K piecewise linear
High for both CBR and VBR
Oðlog N Þ
OðKÞ
OðKÞ
OðKÞ
Oðlog N Þ

experiments that the generalized H-FSC can admit
a signiﬁcantly higher number of VBR video sessions than H-FSC and the multirate algorithm.
Even with high network utilization, the generalized
H-FSC requires the same scheduling complexity as
the H-FSC.
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Appendix A
Proof of Theorem 1. We denote the received
amount of data from session i at the mth router
until a time t by Ami ðtÞ. We also denote Wi RT ðtÞ and
Wi ES ðtÞ at the mth router that session i passes
through by Wi m;RT ðtÞ and Wi m;ES ðtÞ, respectively.
For notational convenience, we denote the source
of session i by the 0th router such that Wi 0 ðÞ becomes equal to A1i ðÞ.
Consider a time t when a packet from session i
departs the ﬁnal Mth router. Starting from the
time t, we deﬁne ðM þ 1Þ time points, i.e., tm ,
0 6 m 6 M, as following. First, we deﬁne tM ¼ t.
Given the ﬁxed tM , tM1 is deﬁned as a time such
that tM1 < tM and

Wi M;RT ðtM Þ P Wi M;RT ðtM1 Þ þ SiM ðtM  tM1 Þ:
ðA:1Þ
Since the Mth router strictly guarantees SiM ðÞ for
session i, the above tM1 exists and tM1 is the beginning of one of session iÕs backlogged periods.
From Eq. (A.1), since Wi M;RT ðÞ is equal to
Wi ðÞ  Wi M;ES ðÞ,
Wi M ðtM Þ  Wi M;ES ðtM Þ P Wi M ðtM1 Þ  Wi M;ES ðtM1 Þ
þ SiM ðtM  tM1 Þ:
By arranging the above terms,
Wi M ðtM Þ P Wi M ðtM1 Þ þ Wi M;ES ðtM1 ; tM Þ
þ SiM ðtM  tM1 Þ:

ðA:2Þ

From Eq. (A.2), Wi M ðtM1 Þ is equal to AM
i ðtM1 Þ
since the queue for session i is empty at the time
tM1 . Thus,
M;ES
ðtM1 ; tM Þ
Wi M P AM
i ðtM1 Þ þ Wi

þ SiM ðtM  tM1 Þ

ðA:3Þ

¼ Wi M1 ðtM1 Þ þ Wi M;ES ðtM1 ; tM Þ
þ SiM ðtM  tM1 Þ:

ðA:4Þ

By following the above steps recursively, we can
deﬁne the times tM2 ; tM3 ; . . . ; t0 that satisfy an
equation similar to Eq. (A.4). Therefore, for the
time t, given the ðM þ 1Þ time points,
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Wi M ðtÞ ¼ Wi M ðtM Þ

bi ða  sÞ P Ai ðaÞ  Ai ðsÞ:

P Wi M1 ðtM1 Þ þ Wi M;ES ðtM1 ; tM Þ
þ

From Eqs. (A.7) and (A.8),

SiM ðtM

 tM1 Þ
M
X
½Wi m;ES ðtm1 ; tm Þ
P Wi M2 ðtM2 Þ þ

bi ða  sÞ P Si ðt  sÞ ¼ Si ða  s þ dÞ:

þ

d 6 minfD: D > 0 and bi ða  sÞ 6 Si ða  s þ DÞg
6 max minfD: D > 0 and bi ðkÞ 6 Si ðk þ DÞg:

 tm1 Þ

k:k>0


0

P Wi ðt0 Þ þ

M
X

ðA:10Þ
½Wi

m;ES

ðtm1 ; tm Þ

From Eq. (A.10), for the packet p, the worst-case
delay becomes maxk:k>0 minfD : D > 0 and bi ðkÞ
6 Si ðk þ DÞg. Note that, however, all the packets
including the packet p have this delay bound since
Eq. (A.10) is independent of the packet departure
time t, which is a special packet departure time for
the packet p. 

m¼1

þ Sim ðtm  tm1 Þ
M
X
½Wi m;ES ðtm1 ; tm Þ
¼ A1i ðt0 Þ þ
m¼1

Sim ðtm

 tm1 Þ
M
X
½Sim ðtm  tm1 Þ
P A1i ðt0 Þ þ
þ

ðA:9Þ

To satisfy Eq. (A.9),

m¼M1

Sim ðtm

ðA:8Þ

P A1i ðt0 Þ þ

m¼1
Sinet ðtM

 t0 Þ:



Proof of Theorem 2. Consider a time t that a
packet p from session i departs the router. Let us
denote the arrival time and the delay of the packet
p by a and d, respectively ðt ¼ a þ dÞ. We derive
the worst-case delay of the packet p. Since Si ðÞ is
guaranteed for session i, there exists a time s, s < t,
which is the beginning of one of session iÕs backlogged periods such that
Wi ðtÞ P Ai ðsÞ þ Si ðt  sÞ:

ðA:5Þ

The packets which arrived before the packet p plus
the packet p are transmitted until the packet departure time t. However, if multiple packets arrive
at the packet arrival time a, those packets are not
transmitted until the time t. Thus,
Ai ðaÞ P Wi ðtÞ:

ðA:6Þ

From Eq. (A.6) and Eq. (A.5),
Ai ðaÞ  Ai ðsÞ P Si ðt  sÞ:

Proof of Theorem 3. Consider a time t that a
packet p from session i departs the router. Since
Si ðÞ is guaranteed for session i, there exists a time
s, s < t, which is the beginning of one of session iÕs
backlog periods such that
Wi ðtÞ P Ai ðsÞ þ Si ðt  sÞ:

Let us denote the backlog of session i at the packet
departure time t by Bi ðtÞ. First of all, we derive the
worst-case backlog at the time t. (Later, we consider all packet departure times and also the times
that are not packet departure times.) The backlog
amount at the time t is the arrived amount until
the time t minus the transmitted amount until the
time t. Thus,
Bi ðtÞ ¼ Ai ðtÞ  Wi ðtÞ
6 Ai ðtÞ  Ai ðsÞ  Si ðt  sÞ
ðfrom Eq: ðA:11ÞÞ
¼ Ai ðs; tÞ  Si ðt  sÞ
6 bi ðt  sÞ  Si ðt  sÞ
6 max fbi ðkÞ  Si ðkÞg:

ðA:7Þ

Since the time s is not greater than the last backlogged time point, the packet arrival time a is
greater than the time s, i.e., a > s. In addition,
since session i has the traﬃc envelope function
bi ðÞ,

ðA:11Þ

k:k>0

ðA:12Þ

From Eq. (A.12), the worst-case backlog at the
packet departure time t becomes maxk:k>0 fbi ðkÞ
Si ðkÞg. Note that, however, this backlog bound
holds for all packet departure times since Eq.
(A.12) is independent of the time t, which is a
special packet departure time. Now, we consider
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all times including those when no packets depart
the router. Only one packet departs the router
between packet departure times. Thus, for all
times, the worst-case backlog amount cannot exceed maxk:k>0 fbi ðkÞ  Si ðkÞg þ lmax to satisfy Eq.
(A.12) at all packet departure times. 
Proof of Theorem 4. We focus on a packet p of a
leaf node i. The packet p becomes head at the time
tc during the mth backlogged period of the session,
denoted by bmi . The departure time, the length, and
the deadline of the packet p are denoted by d, l,
and D, respectively. At the time tc , the accumulated amount of data including the packet p becomes Wi RT ðtc Þ þ l, which is equal to Wi RT ðdÞ.
Given the packet p and the accumulated amount,
the deadline D becomes the smallest t such that
Di ðbmi ; tÞ ¼ Wi RT ðdÞ. Thus, for a time t0 which is less
than or equal to D,
Di ðbmi ; t0 Þ 6 Wi RT ðdÞ:

ðA:15Þ

Di ðbmi ; d  lmax =CÞ
s2Bi ðdÞ

s2Bi ðdÞ

ðA:18Þ

Next, consider the other case that d  lmax =C < bmi .
In this case, from Eq. (7),
Di ðbmi ; d  lmax =CÞ
¼

min fWi RT ðsÞ þ Si ðd  lmax =C  sÞg

s2Bi ðbm1
Þ
i

P minm fWi RT ðsÞ þ Si ðd  lmax =C  sÞg
s2Bi ðbi Þ

¼ min fWi RT ðsÞ þ Si ðd  lmax =C  sÞg:
s2Bi ðdÞ

ðA:19Þ
From Eqs. (A.18) and (A.19),
Di ðbmi ; d  lmax =CÞ
P min fWi RT ðsÞ þ Si ðd  lmax =C  sÞg ðA:20Þ
S i ðd  sÞg:
¼ min fWi RT ðsÞ þ b
s2Bi ðdÞ



ðA:21Þ
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